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Now, looping CTRSs can be defined as those having looping terms. Thus, loopingness of CTRSs can be defined as the *feasibility* of $\documentclass[12pt]{minimal}
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In order to automatically analyze such (in)feasibility goals, we describe a framework similar to the Dependency Pair (DP) Framework for proving termination of TRSs \[[@CR3]\]. After some preliminaries in Sect. [2](#Sec2){ref-type="sec"}, Sect. [3](#Sec3){ref-type="sec"} presents the notion of feasibility goal. Section [4](#Sec4){ref-type="sec"} describes the feasibility framework for proving and disproving feasibility goals. Section [5](#Sec10){ref-type="sec"} describes our tool infChecker which provides a (partial) implementation of the framework introduced here. Section [6](#Sec11){ref-type="sec"} provides an experimental evaluation and discusses some related work. Section [8](#Sec13){ref-type="sec"} concludes.

Preliminaries {#Sec2}
=============
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Feasibility of Sequences and Goals {#Sec3}
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Remark 1 (Notation) {#FPar3}
-------------------
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Definition 1 (Feasibility) {#FPar4}
--------------------------
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Example 3 {#FPar5}
---------
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Example 4 {#FPar6}
---------
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Definition 2 {#FPar7}
------------

Given a set of predicates $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathbb {T}}$$\end{document}$) if for all predicates $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}\equiv _{{\mathbb {A}}_{\bowtie }}{\mathsf {T}}{\mathsf {h}}_{\bowtie }$$\end{document}$ holds. Thus, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}$$\end{document}$ cannot prove more atoms rooted with $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
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                \begin{document}$$\bowtie $$\end{document}$ than $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\bowtie }$$\end{document}$. Similarly, $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}$$\end{document}$ preserves a goal $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$${\mathcal {G}}=\{{\mathsf {F}}_i\}_{i=1}^m$$\end{document}$ if it preserves $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$1\le i\le m$$\end{document}$.

In the following, when no confusion arises, we do not explicitly mention the underlying set of theories $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
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                \begin{document}$${\mathcal {G}}=\{{\mathsf {F}}_i\}_{i=1}^m$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathsf {F}}_i=(s_{ij}\bowtie _{ij} t_{ij})_{j=1}^{n_i}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}_i}=\bigcup _{j=1}^{n_i}{\mathsf {T}}{\mathsf {h}}_{\bowtie _{ij}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathcal {G}}}=\bigcup _{i=1}^m{\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}_i}$$\end{document}$.

Example 5 {#FPar8}
---------

It is not difficult to see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathcal {G}}}$$\end{document}$ preserves $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {G}}$$\end{document}$ in Example [3](#FPar5){ref-type="sec"}.

The following result provides a (first-order) provability perspective of feasibility.

Theorem 1 {#FPar9}
---------

A condition $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\bowtie }\vdash (\exists \varvec{x})s\bowtie t$$\end{document}$ holds.If $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}}\vdash (\exists \varvec{x})\bigwedge _{i=1}^n s_i\bowtie _i t_i$$\end{document}$ holds. If $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}}\vdash (\exists \varvec{x})\bigwedge _{i=1}^n s_i\bowtie _i t_i$$\end{document}$ holds, then $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {F}}$$\end{document}$ is feasible.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}=\{{\mathsf {F}}_i\}_{i=1}^m$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$n_i$$\end{document}$, is feasible, then we have that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathcal {G}}}\vdash (\exists \varvec{x})\bigvee _{i=1}^m\bigwedge _{j=1}^{n_i} s_{ij}\bowtie _{ij} t_{ij}$$\end{document}$ holds. If $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathcal {G}}}\vdash (\exists \varvec{x})\bigvee _{i=1}^m\bigwedge _{j=1}^{n_i} s_{ij}\bowtie _{ij} t_{ij}$$\end{document}$ holds and $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$${\mathcal {G}}$$\end{document}$ is feasible. Also, if there is $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}_i}$$\end{document}$ preserves $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_i$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}_i}\vdash (\exists \varvec{x})\bigwedge _{j=1}^{n_i} s_{ij}\bowtie _{ij} t_{ij}$$\end{document}$ holds, then $\documentclass[12pt]{minimal}
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Sentences in Theorem [1](#FPar9){ref-type="sec"} are *Existentially Closed Boolean Combinations of Atoms* (ECBCAs), i.e., formulas of the form $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$$(\exists \varvec{x})\bigvee _{i=1}^m\bigwedge _{j=1}^{n_i}A_{ij}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$A_{ij}$$\end{document}$ are atoms and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{x}$$\end{document}$ is the sequence of variables occurring in such atoms. We have investigated them in \[[@CR9], [@CR11]\]. Requiring preservation is necessary for items ([2](#Par27){ref-type=""}) and ([3](#Par28){ref-type=""}) in Theorem [1](#FPar9){ref-type="sec"}.

Example 6 {#FPar10}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\rightarrow }={\overline{{\mathcal {R}}}}_1=\{(\forall x)\,x\rightarrow ^*x,\,(\forall x,y,z)\,x\rightarrow y\wedge y\rightarrow ^*z\Rightarrow x\rightarrow ^*z,b\rightarrow ^*a\Rightarrow a\rightarrow b\}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\rightarrow ^*}={\overline{{\mathcal {R}}}}_2=\{(\forall x)\,x\rightarrow ^*x,\,(\forall x,y,z)\,x\rightarrow y\wedge y\rightarrow ^*z\Rightarrow x\rightarrow ^*z,b\rightarrow a\}$$\end{document}$, we have $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{{\mathcal {R}}}}_1\not \vdash a\rightarrow b$$\end{document}$. Note that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document}$$(a\rightarrow b)$$\end{document}$.

Preservation is often achieved by distinguishing predicates describing different computations.

Example 7 {#FPar11}
---------

Let $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$${\mathcal {R}}_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathcal {R}}_2$$\end{document}$ in Example [6](#FPar10){ref-type="sec"}, where $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\overline{{\mathcal {R}}}}'_1=\{(\forall x)\,x\rightarrow ^*_1x,\,(\forall x,y,z)\,x\rightarrow y\wedge y\rightarrow ^*_1z\Rightarrow x\rightarrow ^*_1z,b\rightarrow ^*_1a\Rightarrow a\rightarrow b\}$$\end{document}$ and $\documentclass[12pt]{minimal}
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Feasibility Framework {#Sec4}
=====================
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In our setting, we first define notions of *f-problem* and *f-processor*, and then show how to use them to (dis)prove feasibility.

Definition 3 (f-Problem and f-Processor) {#FPar12}
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Definition 4 (Soundness and completeness) {#FPar13}
-----------------------------------------
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Feasibility problems can be proved or disproved by using a proof tree as follows (where inner nodes include the root of the tree unless it consists of a single node).

Definition 5 (Feasibility Proof Tree) {#FPar14}
-------------------------------------
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Theorem 2 (Feasibility Framework) {#FPar15}
---------------------------------
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}$$\end{document}$ has a leaf labeled with "$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {yes}}$$\end{document}$" and all f-Processors in the path from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _I$$\end{document}$ to the leaf are sound for the f-Problems they are applied to, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}$$\end{document}$-feasible.

In the following, we describe some sound and complete f-Processors. If no confusion arises, we use *processor* instead of *f-Processor*.

Splitting Processor {#Sec5}
-------------------

Our first processor decomposes a feasibility goal into its feasibility sequences.

### Definition 6 (Splitting Processor) {#FPar16}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =({\mathbb {T}},{\mathcal {G}})$$\end{document}$ be an f-Problem. The processor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {Spl}}}$$\end{document}$ is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {Spl}}}(\tau )=\{({\mathbb {T}},\{{\mathsf {F}}\})\mid {\mathsf {F}}\in {\mathcal {G}}\}$$\end{document}$.

The proof of the following result is immediate by using Definitions [3](#FPar12){ref-type="sec"} and [1](#FPar4){ref-type="sec"}.

### Theorem 3 {#FPar17}

Processor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {Spl}}}$$\end{document}$ is sound and complete.

### Example 8 {#FPar18}

Consider the following TRS $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ \[[@CR13], Example 9\]:

Following Example [4](#FPar6){ref-type="sec"}, we prove root-stability of *f*(*a*, *c*) as the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{{\overline{{\mathcal {R}}}}\}$$\end{document}$-infeasibility of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}=\{((f(a,c)\rightarrow ^*a)\,; (f(a,c)\rightarrow ^*b) ; (f(a,c)\rightarrow ^*f(x,x))\}$$\end{document}$. With $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {Spl}}}$$\end{document}$ we start the proof of infeasibility of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =(\{{\overline{{\mathcal {R}}}}\},{\mathcal {G}})$$\end{document}$ as follows: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {Spl}}}(\tau )=\{\tau _1,\tau _2,\tau _3\}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _1=(\{{\overline{{\mathcal {R}}}}\},\{(f(a,c)\rightarrow ^*a)\})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _2=(\{{\overline{{\mathcal {R}}}}\},\{(f(a,c)\rightarrow ^*b) \})$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _3=((\{{\overline{{\mathcal {R}}}}\},\{(f(a,c)\rightarrow ^*f(x,x))\})$$\end{document}$.

Provability Processor {#Sec6}
---------------------

Our next processor exploits Theorem [1](#FPar9){ref-type="sec"} to use theorem proving in proofs of feasibility.

### Definition 7 (Provability processor) {#FPar19}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =({\mathbb {T}},{\mathcal {G}})$$\end{document}$ be an f-Problem with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}=\{{\mathsf {F}}\}\uplus {\mathcal {G}}'$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}=(s_i\bowtie _i t_i)_{i=1}^n$$\end{document}$. Processor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \textsf {P}^{\textsf {Prov}}(\tau )={``\mathsf {yes}\text {'' iff }} {\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}}\vdash ~(\exists \varvec{x})\,\bigwedge _{i=1}^n s_i \bowtie _i t_i \text { holds.} \end{aligned}$$\end{document}$$

Note that, whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=0$$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}=()$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigwedge _{i=1}^ns_i\bowtie _i t_i$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {true}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}(\tau )=$$\end{document}$ "$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {yes}}$$\end{document}$".

### Theorem 4 {#FPar20}

Processor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}$$\end{document}$ is complete. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}}$$\end{document}$ preserves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}$$\end{document}$, then it is sound.

In infChecker, we use Prover9  \[[@CR18]\] as a backend to implement $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}$$\end{document}$.

### Example 9 {#FPar21}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ in Fig. [1](#Fig1){ref-type="fig"}, the feasibility goal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}$$\end{document}$ (see file 903 in COPS):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \{(le(x,min(y)) \rightarrow ^*_{} false, min(y) \rightarrow ^*_{} x)\} \end{aligned}$$\end{document}$$and the corresponding first-order formula:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&(\exists x,y)~le(x,min(y)) \rightarrow ^*_{} false \wedge min(y) \rightarrow ^*_{} x \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _I = (\{{\overline{{\mathcal {R}}}}\},{\mathcal {G}})$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}(\tau _I) = $$\end{document}$ "$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {yes}}$$\end{document}$" by using Prover9 to prove ([13](#Equ1){ref-type=""}) by resolution as follows[2](#Fn2){ref-type="fn"}:

### Example 10 {#FPar22}

Consider the two rules TRS $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}=\{ a \rightarrow c(b), b \rightarrow c(b)\}$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {R}}}}=\{(14)-(18)\}$$\end{document}$  and  $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\unrhd }=\{(19)-(21)\}$$\end{document}$:

infChecker can prove loopingness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ as the feasibility of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\{{\overline{{\mathcal {R}}}}, {\mathsf {T}}{\mathsf {h}}_{\unrhd }\},{\mathcal {G}})$$\end{document}$ by relying on Prover9 with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}=\{(x\rightarrow y, y\rightarrow ^*z, z\unrhd x)\}{} $$\end{document}$ (see Example [1](#FPar1){ref-type="sec"}). Note that the union of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {R}}}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\unrhd }$$\end{document}$ preserves both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {R}}}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\unrhd }$$\end{document}$, as required for soundness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}$$\end{document}$.

If no proof of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _{{\mathsf {F}}}=(\exists \varvec{x})\,\bigwedge _{i=1}^n s_i \bowtie _i t_i$$\end{document}$ is found, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Prov}}$$\end{document}$ does *not* apply. In this case, it is still possible that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}$$\end{document}$ is feasible, but the proof system failed to prove it. Also, it is possible that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}$$\end{document}$ is infeasible. In this case, our next processor, which tries to prove infeasibility as satisfiability \[[@CR9]\], can be useful.

Satisfiability Processors {#Sec7}
-------------------------

The next processor implements the satisfiability approach in \[[@CR9]\].

### Definition 8 (Satisfiability Processor) {#FPar23}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =({\mathbb {T}},{\mathcal {G}})$$\end{document}$ be an f-Problem with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}=\{{\mathsf {F}}\}\uplus {\mathcal {G}}'$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}=(s_i\bowtie _i t_i)_{i=1}^n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {A}}$$\end{document}$ be a structure. Processor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Sat}}$$\end{document}$ is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Sat}}(\tau )=({\mathbb {T}},{\mathcal {G}}')$$\end{document}$ iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {A}}\,\models \,{\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}}\mathrel {\cup }\{\lnot (\exists \varvec{x})\,\bigwedge _{i=1}^n s_i \bowtie _i t_i\}$$\end{document}$.

### Remark 2 {#FPar24}

In the following, the soundness and completeness theorems given for the different introduced processors assume the notations previously introduced in the corresponding definitions.

In the following, we say that a theory $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}$$\end{document}$ is *stable* if for all terms $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s,t$$\end{document}$ and substitutions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}\vdash s\bowtie t$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}\vdash \sigma (s)\bowtie \sigma (t)$$\end{document}$.

### Theorem 5 {#FPar25}

Processor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Sat}}$$\end{document}$ is sound. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {T}}({{\mathcal {F}}})}\ne \emptyset $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{{\mathsf {F}}}$$\end{document}$ is stable, then it is complete.

In infChecker, we use the model generators AGES \[[@CR5]\] and Mace4 \[[@CR18]\] to find suitable structures $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {A}}$$\end{document}$ to be used in the implementation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Sat}}$$\end{document}$.

### Example 11 {#FPar26}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {R}}}}{} { and}{\mathsf {T}}{\mathsf {h}}_{\unrhd }{} $$\end{document}$ as in Example [10](#FPar22){ref-type="sec"}, we can prove term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a$$\end{document}$ non-looping. The following structure over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}\cup \{-1\}{} $$\end{document}$:satisfies $\documentclass[12pt]{minimal}
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### Definition 9 (One-Step Satisfiability Processor) {#FPar27}
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### Theorem 6 {#FPar28}
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### Example 12 {#FPar29}
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Usable Rules in CTRS Theories {#Sec8}
-----------------------------

As discussed in \[[@CR13], Section 2\], dealing with CTRSs $\documentclass[12pt]{minimal}
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### Example 13 {#FPar30}
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### Definition 10 {#FPar31}
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### Theorem 7 {#FPar32}

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {UR}}}$$\end{document}$ is sound. If for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\rightarrow ^*t\in {\mathsf {F}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s$$\end{document}$ is ground, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {UR}}}$$\end{document}$ is complete.

As discussed in the last paragraph of \[[@CR13], Section 2\], the groundness requirement cannot be dropped, in general (even for TRSs).

### Example 14 {#FPar33}
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As discussed in \[[@CR16], Section 7.5\], the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_1({\mathcal {R}},u)$$\end{document}$ can be *infinite*. In \[[@CR16], Proposition 87\] some sufficient conditions for finiteness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_1({\mathcal {R}},u)$$\end{document}$ are given. Knowing these restrictions, in Definition [13](#FPar37){ref-type="sec"} we define a narrowing processor on feasibility conditions.

Given a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_k=(s_j\bowtie _j t_j)_{j=1}^n$$\end{document}$ in a goal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1\le i\le n$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bowtie _i\,=\,\rightarrow ^*_{}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},k,i)$$\end{document}$ returns a new set of feasibility goals where each element of the set corresponds to a possible narrowing on the condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},k,i)=\{{\mathcal {G}}[{\mathsf {F}}_k[\varvec{\theta },w\rightarrow ^* t_i]_i]_k\mid s_i\rightarrow ^* t_i\in {\mathsf {F}}_k ,(w,\theta )\in N_1({\mathcal {R}},s_i)\} $$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\theta }$$\end{document}$ consists of new conditions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1\rightarrow ^*\theta (x_1),\ldots ,x_m\rightarrow ^*\theta (x_m)$$\end{document}$ obtained from the bindings in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ for variables in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\mathcal {V}}}ar}(s_i)=\{x_1,\ldots ,x_m\}$$\end{document}$.

### Definition 13 (Narrowing on f-Conditions Processor) {#FPar37}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =(\{{\overline{{\mathcal {R}}}}\},{\mathcal {G}})$$\end{document}$ be an f-Problem, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i\rightarrow ^*_{} t_i\in {\mathsf {F}}_k$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {F}}_k$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}\subseteq {\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},k,i)$$\end{document}$ finite. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {NC}}}$$\end{document}$ is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {NC}}}(\tau )=\{(\{{\overline{{\mathcal {R}}}}\},{\mathcal {G}}')\mid {\mathcal {G}}'\in {\mathcal {N}}\}$$\end{document}$.

Given a term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s$$\end{document}$, we let *NRules* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal {R},s)$$\end{document}$ be the set of rules $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha :\ell \rightarrow r\Leftarrow c\in \mathcal {R}$$\end{document}$ such that a nonvariable subterm *t* of *s* is a *narrex* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$,[4](#Fn4){ref-type="fn"} ![](501052_1_En_27_Figh_HTML.gif){#d30e15455}

### Theorem 9 {#FPar38}

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {NC}}}$$\end{document}$ is sound. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}={\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},k,i)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i\rightarrow ^*_{} t_i\in {\mathsf {F}}_k$$\end{document}$ is such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_i$$\end{document}$ do *not* unify and either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i$$\end{document}$ is *ground* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2$$\end{document}$-CTRS or (1) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${}{\textit{NRules}}({\mathcal {R}},s_i)$$\end{document}$ is a TRS, (2) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i$$\end{document}$ is linear, and (3) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\mathcal {V}}}ar}(s_i) \cap {{{\mathcal {V}}}ar}(t_i) = \emptyset $$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {NC}}}$$\end{document}$ is complete.[5](#Fn5){ref-type="fn"}

Even with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},k,i)$$\end{document}$ infinite, a subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {N}}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},k,i)$$\end{document}$ can be sufficient to prove feasibility. However, to prove infeasibility we need to consider all possible narrowings.

### Example 15 {#FPar39}

Consider the CTRS $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ in Fig. [3](#Fig3){ref-type="fig"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {G}}=\{(lte(s(x),0) \rightarrow ^* true)\}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _I = (\{{\overline{{\mathcal {R}}}}\},{\mathcal {G}})$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${}{\textit{NRules}}({\mathcal {R}},lte(s(x),0))$$\end{document}$ contains the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$lte$$\end{document}$ rules only, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{{\mathcal {N}}}}({\mathcal {R}},{\mathcal {G}},1,1) = \{(x \rightarrow ^* x, false \rightarrow ^* true)\}$$\end{document}$. Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {NC}}}(\tau _I) = \{\tau _1\}{} $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _1 = (\{{\overline{{\mathcal {R}}}}\},(x \rightarrow ^* x, false \rightarrow ^* true))$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${}{\textit{NRules}}({\mathcal {R}},lte(s(x),0))$$\end{document}$ is a TRS, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$lte(s(x),0)$$\end{document}$ is linear, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\mathcal {V}}}ar}(lte(s(x),0)) \cap {{{\mathcal {V}}}ar}(true) = \emptyset $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\textsf {P}^{\textsf {NC}}}$$\end{document}$ is complete. Now, we apply $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Sat}}$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _1$$\end{document}$ to obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {P}^{\textsf {Sat}}(\tau _1)=\emptyset $$\end{document}$ by using Mace4. The obtained FP tree is in displayed in Fig. [4](#Fig4){ref-type="fig"}.

Fig. 4.Proof tree obtained from Example [15](#FPar39){ref-type="sec"}

Implementation and Web Interface {#Sec10}
================================

infChecker 1.0 is written in Haskell and consists of 30 Haskell modules with more than 4500 lines of code. The tool can be used through its web interface here:"                        <http://zenon.dsic.upv.es/infChecker/>"

The input format is an extended version of the Confluence Competition (CoCo) format  \[[@CR20]\], which is the official format used in the *infeasibility* (INF) category.[6](#Fn6){ref-type="fn"} The input has two components: A CTRS $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ in TPDB format[7](#Fn7){ref-type="fn"} which can specify a *replacement map* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ for *context-sensitive rewriting* (*CSR* \[[@CR10]\]) establishing the arguments $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu (f)\subseteq \{1,\ldots ,k\}{} $$\end{document}$ which *can be rewritten* for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$-ary symbol $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f$$\end{document}$. This is top-down propagated to *positions* of terms, which are then called *active*. We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\hookrightarrow t$$\end{document}$ if an *active* subterm of *s* can be rewritten so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\rightarrow t$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rightarrow ^*$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\downarrow ,\,\leftrightarrow $$\end{document}$, etc. are generalized to *CSR* as ![](501052_1_En_27_Figi_HTML.gif){#d30e16620} , ![](501052_1_En_27_Figj_HTML.gif){#d30e16623} , ![](501052_1_En_27_Figk_HTML.gif){#d30e16626} , etc., by using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\hookrightarrow $$\end{document}$ instead of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rightarrow $$\end{document}$.An f-goal built using the set of (binary) predicates for (strict) subterm ( ![](501052_1_En_27_Figm_HTML.gif){#d30e16660} and ![](501052_1_En_27_Fign_HTML.gif){#d30e16663} ), one or many rewriting steps ( ![](501052_1_En_27_Figo_HTML.gif){#d30e16666} and ![](501052_1_En_27_Figp_HTML.gif){#d30e16669} ), joinability ( ![](501052_1_En_27_Figq_HTML.gif){#d30e16673} ), symmetric closure of ![](501052_1_En_27_Figr_HTML.gif){#d30e16676} ( ![](501052_1_En_27_Figs_HTML.gif){#d30e16679} ), conversion ( ![](501052_1_En_27_Figt_HTML.gif){#d30e16682} ) and their context-sensitive versions ![](501052_1_En_27_Figu_HTML.gif){#d30e16685} , ![](501052_1_En_27_Figv_HTML.gif){#d30e16688} , ![](501052_1_En_27_Figw_HTML.gif){#d30e16692} , ![](501052_1_En_27_Figx_HTML.gif){#d30e16695} , and ![](501052_1_En_27_Figy_HTML.gif){#d30e16698} .

Theories $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {T}}{\mathsf {h}}_{\bowtie }$$\end{document}$ for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bowtie \,\in {\mathbb {P}}_{{\textsf {iCh}}}$$\end{document}$ are automatically obtained from the components of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}$$\end{document}$ (signature, replacement map, conditional rules). Symbol == is borrowed from the COPS syntax, where it is used to specify the conditional part of rewrite rules (see $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\approx $$\end{document}$ in Fig. [1](#Fig1){ref-type="fig"}). Both in the conditional part of rules and in f-goals, its meaning depends on the CONDITIONTYPE section of the input specifying how the conditions of rules are evaluated \[[@CR22], Definition 7.1.3\] according to:CONDITIONTYPEreplace == byORIENTED![](501052_1_En_27_Figz_HTML.gif){#d30e16797}JOIN![](501052_1_En_27_Figaa_HTML.gif){#d30e16808}SEMI-EQUATIONAL![](501052_1_En_27_Figab_HTML.gif){#d30e16819}

In this respect, when using ![](501052_1_En_27_Figac_HTML.gif){#d30e16825} or ![](501052_1_En_27_Figad_HTML.gif){#d30e16828} (i.e., ![](501052_1_En_27_Figae_HTML.gif){#d30e16831} or ![](501052_1_En_27_Figaf_HTML.gif){#d30e16834} ) in f-goals, the associated theories ![](501052_1_En_27_Figag_HTML.gif){#d30e16837} and ![](501052_1_En_27_Figah_HTML.gif){#d30e16841} are those obtained by evaluating the conditions ![](501052_1_En_27_Figai_HTML.gif){#d30e16844} in rules using ![](501052_1_En_27_Figaj_HTML.gif){#d30e16847} , ![](501052_1_En_27_Figak_HTML.gif){#d30e16850} , or ![](501052_1_En_27_Figal_HTML.gif){#d30e16853} , depending on the label ORIENTED, JOIN, or ![](501052_1_En_27_Figam_HTML.gif){#d30e16863} specified in CONDITIONTYPE. If no replacement map has been specified (i.e., no STRATEGY section with CONTEXTSENSITIVE label is given), the *trivial* replacement map $\documentclass[12pt]{minimal}
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When the problem is introduced, a model generator for infeasibility (AGES, Mace4 or Automatic) can be selected. Then, pressing button Prove automatically initiates the procedure to check whether the problem is feasible or infeasible in the given timeout.

Currently, infChecker implements the construction of the FP tree in Definition [5](#FPar14){ref-type="sec"} with the processors presented in Sect. [4](#Sec4){ref-type="sec"} by depth-first generation of the nodes and orderly attempting the following sequence of processors to develop each node:[8](#Fn8){ref-type="fn"} $\documentclass[12pt]{minimal}
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Experimental Evaluation {#Sec11}
=======================

We participated in the INF category of the 2019 Confluence Competition (CoCo),[9](#Fn9){ref-type="fn"} with a limit of 60 s to return a proof of feasibility or infeasibility (or a *don't know* answer). infChecker obtained the following results: INF Tool  Yes No  Total infChecker403272ConCon31031nonreach30030Moca26026maedmax15015CO312012
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Related Work {#Sec12}
============

The notion of (in)feasibility of a logic formula has been investigated in \[[@CR12], Section 4.1\], in the context of the analysis of operational termination of programs in general logics \[[@CR15]\]. A satisfiability approach to prove infeasibility of first-order formulas with respect to an order-sorted first-order theory \[[@CR4]\] is described in \[[@CR12], Section 4.1.1\]. No attempt to decompose such proofs by taking into account the structure of the logic formula (as done in our feasibility framework) is made. No technique for proving feasibility is proposed. Actually, our feasibility framework could be advantageously used to implement proofs of operational termination of programs in general logics.
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Decidability of reachability problems for *CSR* in TRSs (i.e., does ![](501052_1_En_27_Figan_HTML.gif){#d30e18794} hold?) has been investigated using tree-automata techniques \[[@CR1], [@CR6]--[@CR8]\]. infChecker is able to (try to) prove and disprove reachability conditions as f-goals using predicate ![](501052_1_En_27_Figao_HTML.gif){#d30e18810} without any specific restriction on the TRSs (e.g., left-linearity), as done in these papers.

Regarding the automation of proofs of infeasibility in (conditional) rewriting, 2019 was the first year the infeasibility category was included in the International Confluence Competition. The new category had a good reception, with $\documentclass[12pt]{minimal}
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                \begin{document}$$6$$\end{document}$ participating tools (summary of results in Sect. [6](#Sec11){ref-type="sec"}), and provided a good picture of the state of the art:CO3 tries to prove confluence and if it fails linearizes the condition and tries to compute a narrowing tree for the linearized condition. The applicability of narrowing trees in this context is restricted to *syntactically deterministic conditional* term rewriting systems (right-hand sides of conditions must be constructor terms or ground normal forms) that are constructor systems \[[@CR21]\].ConCon uses a variety of methods to check for infeasibility of conditional critical pairs, ranging from a simple technique based on unification, via symbol transition graph analysis, reachability problem decomposition, the exploitation of certain equalities in the conditions, and tree automata completion to equational reasoning \[[@CR24]\].Moca implements *maximal ordered completion* similar to maedmax \[[@CR26]\] together with some *approximation techniques* not yet published.maedmax implements *maximal order completion* \[[@CR26]\].nonreach uses two approaches: *transformations* based on decomposition and narrowing and *nonreachability checks* based on unification, symbol transition graphs, equational reasoning and tree automata completion \[[@CR19], [@CR25]\].
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                \begin{document}$$10$$\end{document}$ examples mentioned in the summary of experiments in Sect. [6](#Sec11){ref-type="sec"}. In order to deal with these examples (not handled by infChecker), nonreach uses *narrowing* and Moca uses satisfiability with LPO. Regarding ConCon, it is unclear from the report provided by the tool, which specific technique was used to solve the examples.

Conclusions and Future Work {#Sec13}
===========================

We have extended and generalized the notion of *feasibility sequence* introduced in \[[@CR13]\] by considering goals which are sets of sequences of conditions $\documentclass[12pt]{minimal}
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We have developed a new tool implementing our framework: infChecker. Currently, infChecker provides a first implementation of the framework introduced in this paper (restricted to CTRSs, but extended with context-sensitivity, subterm, etc.), and supports predicates like $\documentclass[12pt]{minimal}
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                \begin{document}$$\rhd $$\end{document}$ (strict subterm). As far as we know, infChecker is the first tool dealing with (in)feasibility problems supporting this set of predicates. Also, the use of provability/satisfiability techniques in proofs of (in)feasibility seems to be new in the literature. We participated in the 2019 Confluence Competition \[[@CR20]\] in the INF (infeasibility) category, being the most powerful tool for checking both infeasibility and feasibility. In the near future, we plan to extend infChecker to provide full support to our framework, by allowing the explicit definition of (not necessarily binary) predicates and independent first-order theories associated to such predicates besides the built-in set of predicates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {P}}_{{\textsf {iCh}}}$$\end{document}$ and associated theories which are available now.

For simplicity, in our exposition we restrict the attention to *binary* predicates, but the techniques and results in this paper easily generalize to *n*-ary predicates.

For readability, the output is slightly pretty printed.
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This processor is inspired by the processor defined in \[[@CR17], Section 4.1\]. A justification for the completeness conditions can be obtained from \[[@CR17], Examples 18 and 19\].

See <http://project-coco.uibk.ac.at/2019/categories/infeasibility.php>.

See <http://zenon.dsic.upv.es/muterm/?page_id=31>.

We use a Haskell library for parallelism. However, due to the *Breadth First Search* evaluation strategy of the library, in a parallel execution $\documentclass[12pt]{minimal}
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<http://project-coco.uibk.ac.at/2019/>.

Obtained by (i) *renaming* all bounded variables in $\documentclass[12pt]{minimal}
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